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1 Introduction
Let X be a Banach space and C be a closed convex subset of X. For each j ≥ , a mapping
Tj : C → C is said to be nonexpansive on C if
‖Tjx – Tjy‖ ≤ ‖x – y‖
for all x, y ∈ C. For each j ≥ , let F(Tj) be the set of ﬁxed points of Tj. If X is a strictly
convex Banach space, then F(Tj) is closed and convex.
In [], Baillon proved the ﬁrst nonlinear ergodic theorem such that, if X is a real Hilbert





x + Tjx + · · · + Tn–j x
)
converges weakly to a ﬁxed point of Tj. It was also shown by Pazy [] that, if X is a real
Hilbert space and Sn,jx converges weakly to y ∈ C, then y ∈ F(T). These results were ex-
tended by Baillon [], Bruck [] and Reich [, ] and [].
2 Multi-Banach spaces
The notion of a multi-normed space was introduced by Dales and Polyakov in []. This
concept is somewhat similar to an operator sequence space and has some connections
with the operator spaces and Banach lattices. Observations on multi-normed spaces and
examples are given in [–].
Let (E,‖ · ‖) be a complex normed space and let k ∈N. We denote by Ek the linear space
E ⊕ · · · ⊕ E consisting of k-tuples (x, . . . ,xk), where x, . . . ,xk ∈ E. The linear operations
on Ek are deﬁned coordinate-wise. The zero element of either E or Ek is denoted by .We
denote by Nk the set {, , . . . ,k} and by k the group of permutations on k symbols.
© 2014 Kenari et al.; licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons Attribu-
tion License (http://creativecommons.org/licenses/by/2.0), which permits unrestricted use, distribution, and reproduction in any
medium, provided the original work is properly cited.
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Deﬁnition . A multi-norm on {Ek : k ∈N} is a sequence {‖ · ‖k}k∈N such that ‖ · ‖k is a
norm on Ek for each k ∈N with k ≥  satisfying the following conditions:
(A) ‖(xσ (), . . . ,xσ (k))‖k = ‖(x, . . . ,xk)‖k (σ ∈k , x, . . . ,xk ∈ E);
(A) ‖(αx, . . . ,αkxk)‖k ≤ (maxi∈Nk |αi|)‖(x, . . . ,xk)‖k (α, . . . ,αk ∈C, x, . . . ,xk ∈ E);
(A) ‖(x, . . . ,xk–, )‖k = ‖(x, . . . ,xk–)‖k– (x, . . . ,xk– ∈ E);
(A) ‖(x, . . . ,xk–,xk–)‖k = ‖(x, . . . ,xk–)‖k– (x, . . . ,xk– ∈ E).
In this case, we say that {(Ek ,‖ · ‖k)}k∈N is amulti-normed space.
Lemma . ([]) Suppose that {(Ek ,‖ · ‖k)}k∈N is a multi-normed space and take k ∈ N.
Then we have the following:
() ‖(x, . . . ,x)‖k = ‖x‖ (x ∈ E);
() maxi∈Nk ‖xi‖ ≤ ‖x, . . . ,xk‖k ≤
∑k
i= ‖xi‖ ≤ kmaxi∈Nk ‖xi‖ (x, . . . ,xk ∈ E).
It follows from () that, if (E,‖ · ‖) is a Banach space, then (Ek ,‖ · ‖k) is a Banach space
for each k ∈N. In this case {(Ek ,‖ · ‖k)}k∈N is a multi-Banach space.
Now, we give two important examples of multi-norms for an arbitrary normed space
E [].
Example . The sequence {‖ · ‖k}k∈N on {Ek : k ∈N} deﬁned by
∥∥(x, . . . ,xk)∥∥k :=maxi∈Nk ‖xi‖ (x, . . . ,xk ∈ E)
is a multi-norm, which is called theminimummulti-norm. The terminology ‘minimum’ is
justiﬁed by the property ().
Example . Let {(‖ · ‖αk : k ∈N) : α ∈ A} be the (nonempty) family of all multi-norms on
{Ek : k ∈N}. For each k ∈N, set
∥∥(x, . . . ,xk)∥∥k := sup
α∈A
∥∥(x, . . . ,xk)∥∥αk (x, . . . ,xk ∈ E).
Then {‖ ·‖k}k∈N is amulti-norm on {Ek : k ∈N}, which is called themaximummulti-norm.
We need the following observation, which can easily be deduced from the triangle in-
equality for the norm ‖ · ‖k and the property () of multi-norms.
Lemma . Suppose that k ∈ N and (x, . . . ,xk) ∈ Ek . For each j ∈ {, . . . ,k}, let {xjn}n≥ be




xn – y, . . . ,xkn – yk
)
= (x – y, . . . ,xk – yk).
Deﬁnition . Let {(Ek ,‖ · · · ‖k)}k∈N be a multi-normed space. A sequence {xn}n≥ in E is
called amulti-null sequence if, for any ε > , there exists n ∈N such that
sup
k∈N
∥∥(xn, . . . ,xn+k–)∥∥k < ε (n≥ n).
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Let x ∈ E. We say that the sequence {xn}n≥ ismulti-convergent to a point x ∈ E and write
lim
n→∞xn = x
if {xn – x}n is a multi-null sequence.
3 Main results
To prove the main results in this paper, ﬁrst, we introduce some lemmas.
Lemma . ([]) Let {(Xj,‖ · ‖j)}j∈N be a uniformly convex multi-Banach space with mod-
ulus of the convexity δ. Let xj, yj ∈ X. If ‖(x, . . . ,xj)‖j ≤ r, ‖(y, . . . , yj)‖j ≤ r, r ≤ R and
‖(x – y, . . . ,xj – yj)‖j ≥  > , then
∥∥(λx + ( – λ)y, . . . ,λxj + ( – λ)yj)∥∥j ≤ r( – λ( – λ)δR())
for all λ ∈ [, ], where δR() = δ( R ).
To proceed, let {(Xj,‖ ·‖j)}j∈N denote a uniformly convexmulti-Banach space withmod-
ulus of the convexity δ.
Lemma . Let C be a closed convex subset of X and for each j≥ , Tj : C → C be a nonex-
pansive mapping. Let x ∈ C, fj ∈ F(Tj) for each j≥  and  < α ≤ β < . Then, for any  > ,
there exists N >  such that, for all n≥N ,
∥∥(Tk (λTn x + ( – λ)f) – (λTn+k x + ( – λ)f),
. . . ,Tkj
(












∥∥(Tn x – f, . . . ,Tnj x – fj)∥∥j, R = ∥∥(x – f, . . . ,x – fj)∥∥j,
c =min
{
λ( – λ) : α ≤ λ≤ β}.
For given  > , choose d >  such that rr+d >  – cδR(). Then there exists N >  such that,
for all n≥N ,
∥∥(Tn x – f, . . . ,Tnj x – fj)∥∥j < r + d.
For each n≥N , k >  and α ≤ λ≤ β , we put
uj = ( – λ)
(
Tkj z – fj
)
, vj = λ
(
Tn+kj x – Tkj z
)
,
where zj = λTnj x + ( – λ)fj. Then we have
∥∥(u, . . . ,uj)∥∥j ≤ λ( – λ)∥∥(Tn x – f, . . . ,Tnj x – fj)∥∥j
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and
∥∥(v, . . . , vj)∥∥j ≤ λ( – λ)∥∥(Tn x – f, . . . ,Tnj x – fj)∥∥j.
Suppose that
∥∥(u – v, . . . ,uj – vj)∥∥j
=
∥∥(Tk z – (λTn+k x + ( – λ)f), . . . ,Tk z – (λTn+kj x + ( – λ)fj))∥∥j
≥ .
Then, by Lemma ., we have
∥∥(λu + ( – λ)v, . . . ,λuj + ( – λ)vj)∥∥j
= λ( – λ)
∥∥(Tn+k x – f, . . . ,Tn+kj x – fj)∥∥j
≤ λ( – λ)∥∥(Tn x – f, . . . ,Tnj x – fj)∥∥j( – λ( – λ)δR())






< r ≤ (r + d)( –CδR()),
which is a contradiction. This completes the proof. 
Lemma . (Browder []) Let C be a closed convex subset of X and Tj : C → C be a
nonexpansive mapping. If {ui} is a weakly convergent sequence in C with the weak limit u
and limi ‖ui – Tjui‖ = , then u is a ﬁxed point of Tj.
Lemma . Let C be a closed convex subset of X and, for each j ≥ , Tj : C → C be a
nonexpansive mapping. Then, for all x ∈ C and n > ,
lim
i→∞ supj→∞
∥∥(Tk Sn,Tix – Sn,Tk Tix, . . . ,Tkj Sn,jTij x – Sn,jTkj Tij x)∥∥j =  ()
uniformly for each k ≥ .
Proof By induction on n, we prove this lemma. First, we prove the conclusion in the case
n = . Put
r = lim
n→∞ supj≥
∥∥(Tn+ x – Tn x, . . . ,Tn+j x – Tnj x)∥∥j,
R =
∥∥(x – Tx, . . . ,x – Tjx)∥∥j, xi,j = Tij x
for each i≥ .
Kenari et al. Journal of Inequalities and Applications 2014, 2014:259 Page 5 of 9
http://www.journaloﬁnequalitiesandapplications.com/content/2014/1/259
If r = , then, for any  > , choose c >  such that rr+c >  – δR()/. Then there exists
N >  such that, for all i≥N ,
∥∥(Tk xi, – Tk+ xi,, . . . ,Tkj xi,j – Tk+j xi,j)∥∥j ≤ r + c











Tk+j xi,j – Tkj zj
)
,
where i≥N , k >  and zj =  (xi,j + Tjxi,j), then we have
∥∥(u, . . . ,uj)∥∥j ≤ 
∥∥(z – xi, – zj – xi,j)∥∥j
= 
∥∥(Txi, – xi,, . . . ,Tjxi,j – xi,j)∥∥j
≤  (r + c).
Similarly, we have ‖(v, . . . , vj)‖j ≤  (r + c). Suppose that








Tk+ xi, + Tk xi,
)








Then, by Lemma ., we have




∥∥(Tk+ xi, – Tk xi,, . . . ,Tk+j xi,j – Tkj xi,j)∥∥j





which contradicts r > (r + c)( – δR()).










Tk+ xi, + Tk xi,
)









∥∥(u – v, . . . ,uj – vj)∥∥j
≤ sup
j≥
∥∥(u, . . . ,uj)∥∥j + supj≥
∥∥(v, . . . , vj)∥∥j
< .
This completes the proof of the case n = .





∥∥(Tk Sn–,xi, – Sn–,Tk xi,, . . . ,Tkj Sn–,jxi,j – Sn–,jTkj xi,j)∥∥j = 
uniformly for each k ≥ . We claim that
lim
i→∞ supj≥
∥∥(Sn–,Txi, – xi,, . . . ,Sn–,jTjxi,j – xi,j)∥∥j
exists. Put
r = lim inf
i→∞ supj≥
∥∥(Sn–,Txi, – xi,, . . . ,Sn–,jTjxi,j – xi,j)∥∥j.
For any  > , choose i >  such that
sup
j≥








∥∥(Sn–,Txi+k, – xi+k,, . . . ,Sn–,jTjxi+k,j – xi+k,j)∥∥j
≤ sup
j≥
∥∥(Sn–,Tk xi+, – Tk Sn–,xi+,, . . . ,Sn–,jTkj xi+,j – Tkj Sn–,jxi+,j)∥∥j
+ sup
j≥
∥∥(Tk Sn–,xi+, – Tk xi,, . . . ,Tkj Sn–,jxi+,j – Tkj xi,j)∥∥j
<  + r +


= r + 










∥∥(Sn–,Txi+k, – xi+k,, . . . ,Sn–,jTjxi+k,j – xi+k,j)∥∥j
< r + .





∥∥(Sn–,Txi, – xi,, . . . ,Sn–,jTjxi, – xi,)∥∥j
≤ lim inf
i→∞ supj≥
∥∥(Sn–,Txi, – xi,, . . . ,Sn–,jTjxi,j – xi,j)∥∥j,
i.e., limi→∞ supj≥ ‖(Sn–,Txi, – xi,, . . . ,Sn–,jTjxi,j – xi,j)‖j exists.





∥∥(Sn–,Txi, – xi,, . . . ,Sn–,jTjxi,j – xi,j)∥∥j.
If r = , then, for any , choose c >  such that
r – c










Tkj Sn,jxi,j – Tkj xi,j
)
, vj = n
(




∥∥(u, . . . ,uj)∥∥j ≤ ∥∥(Sn–,Txi, – xi,, . . . ,Sn–,jTjxi,j – xi,j)∥∥j ≤ r + c,∥∥(v, . . . , v)∥∥j
≤ n∥∥(Sn–,Tk xi+, – Tk Sn–,xi+,, . . . ,Sn–,jTkj xi+,j – Tkj Sn–,jxi+,j)∥∥j
+
∥∥(Sn–,Txi, – xi,, . . . ,Sn–,jTjxi,j – xi,j)∥∥j
≤ r + c
and
∥∥(u – v, . . . ,uj – vj)∥∥j
= nn – 
∥∥(Tk Sn,xi, – Sn,Tk xi,, . . . ,Tkj Sn,jxi,j – Sn,jTkj xi,j)∥∥j.
Hence, by the method in the proof of the case n = , we have
sup
j≥
∥∥(Tk Sn,xi, – Sn,Tk xi,, . . . ,Tkj Sn,jxi,j – Sn,jTkj xi,j)∥∥j < 
for all k ≥  and i≥N .
If r = , then, as in the proof of the case n = , there exists N ′ such that, for each i≥N ′,
sup
j≥
∥∥(u, . . . ,uj)∥∥j <  , supj≥




∥∥(Tk Sn,xi, – Sn,Tk xi,, . . . ,Tkj Sn,jxi,j – Sn,jTkj xi,j)∥∥j < .
This completes the proof. 
Now, assume that the normofX is Frechet diﬀerentiable and thenwe have the following.
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Proposition . ([, , ]) Let C be a closed convex subset of X and, for each j ≥ , Tj :
C → C be a nonexpansive mapping. If we putWj(x) = ∩mco{Tkj x : k ≥m} for all x ∈ C, then
Wj(x)∩ F(Tj) is at most one point.
In this paper, we give a new proof of the following theorem, which is due to Reich [].
Theorem . Let {(Xj,‖ · ‖j)}j∈N be a uniformly convex multi-Banach space which has
the Fréchet diﬀerentiable norm. Let C be a closed convex subset of X and, for each j ≥ ,
Tj : C → C be a nonexpansive mapping. Then the following statements are equivalent:
() F(Tj) = ∅.
() {Tnj x} is bounded for all x ∈ C.
() For all x ∈ C, {SnTij x} converges weakly to a point (y, . . . , yj) ∈ Cj uniformly for each
i≥ .
Proof () ⇐⇒ () is well known in [].
()⇐⇒ () Suppose that, for some x ∈ C, there exists an unbounded subsequence {Tnij x}
of {Tnj x}. For each j ≥ , since Tj is a nonexpansivemapping, it follows that, for eachm > ,
the sequence {Sm<jTnij x} is also unbounded, which contradicts the condition ().
() ⇐⇒ () Since {Tnj x} is bounded and
∥∥(TSn,Tix – Sn,Tix, . . . ,TjSn,jTij x – Sn,jTij x)∥∥j
≤ ∥∥(TSn,Tix – Sn,TTix, . . . ,TjSn,jTij x – Sn,jTjTij x)∥∥j
+
∥∥(Sn,TTix – Sn,Tix, . . . ,Sn,jTjTij x – Sn,jTij x)∥∥j
≤ ∥∥(TSn,Tix – Sn,TTix, . . . ,TjSn,jTij x – Sn,jTjTij x)∥∥j
+ n
∥∥(Ti++n x – Tix, . . . ,Ti++nj x – Tij x)∥∥j,
there exists a sequence {Sn,jTinj x} such that
lim
n→∞ supj≥
∥∥(TSn,Tin x – Sn,Tin x, . . . ,TjSn,jTinj x – Sn,jTinj x)∥∥j = .
Then, by Lemma . and Proposition ., it follows that any weakly multi-convergent
subsequence of {Sn,jTinj x} multi-converges weakly to a point yj, i.e., Sn,jTinj x⇁ yj, where
yj =Wj(x)∩ F(Tj). Also, by Lemma ., it follows that
lim
n→∞ supj≥
∥∥(TSn,Tin+kn+i x – Sn,Tin+kn+i x, . . . ,TjSn,jTin+kn+ij x – Sn,jTin+kn+ij x)∥∥j = 
for all i,k ≥ . Therefore, Sn,jTin+knj xi ⇁ yj uniformly for each k ≥ .
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where m = tn + in + r, r < n. Since {Sn,jTin+knj xi} multi-converges to yj uniformly for each
k ≥ , it follows that {Sm,jTij x} converges weakly to yj uniformly for each i ≥ . This com-
pletes the proof. 
Competing interests
The authors declare that they have no competing interests.
Authors’ contributions
All authors carried out the proof. All authors conceived of the study, and participated in its design and coordination. All
authors read and approved the ﬁnal manuscript.
Author details
1Department of Mathematics, Science and Research Branch, Islamic Azad University, Ashraﬁ Esfahani Ave, Tehran, 14778,
Iran. 2Department of Mathematics and Computer Science, Iran University of Science and Technology, Tehran, Iran.
3Department of Mathematics Education and the RINS, Gyeongsang National University, Jinju, 660-701, Korea.
Acknowledgements
The third author was supported by the Basic Science Research Program through the National Research Foundation of
Korea (NRF) funded by the Ministry of Education, Science and Technology (Grant Number: 2011-0021821).
Received: 11 April 2014 Accepted: 13 June 2014 Published: 22 July 2014
References
1. Baillon, JB: Un theoreme de type ergodique pour les contractions non lineaires dans un espace de Hilbert. C. R. Acad.
Sci. Paris Sér. A-B 280, 1511-1514 (1975)
2. Pazy, A: On the asymptotic behavior of iterates of nonexpansive mappings in Hilbert space. Isr. J. Math. 26, 197-204
(1977)
3. Baillon, JB: Comportement asymptotique des itérés de contractions non linéaires dans les espaces Lp . C. R. Acad. Sci.
Paris Sér. A-B 286, 157-159 (1978)
4. Bruk, RE: A simple proof of the mean ergodic theorem for nonlinear contractions in Banach space. Isr. J. Math. 32,
107-116 (1979)
5. Reich, S: Almost convergence and nonlinear ergodic theorems. J. Approx. Theory 24, 269-272 (1978)
6. Reich, S: Weak convergence theorems for nonexpansive mappings in Banach space. J. Math. Anal. Appl. 67, 274-276
(1979)
7. Reich, S: Nonlinear ergodic theory in Banach space. Argonne National Laboratory Report # 79-69 (1979)
8. Dales, HG, Polyakov, ME: Multi-normed spaces and multi-Banach algebras. Preprint
9. Dales, HG, Moslehian, MS: Stability of mappings on multi-normed spaces. Glasg. Math. J. 49, 321-332 (2007)
10. Moslehian, MS, Nikodem, K, Popa, D: Asymptotic aspect of the quadratic functional equation in multi-normed
spaces. J. Math. Anal. Appl. 355, 717-724 (2009)
11. Groetsch, CW: A note on segmention Mann iterates. J. Math. Anal. Appl. 40, 369-372 (1972)
12. Browder, FE: Nonlinear Operators and Nonlinear Equations of Evolution in Banach Space. Pure Math., vol. 18. Am.
Math. Soc., Providence (1976)
13. Hirano, N: A proof of the mean ergodic theorem for nonexpansive mappings in Banach space. Proc. Am. Math. Soc.
78, 361-365 (1980)
doi:10.1186/1029-242X-2014-259
Cite this article as: Kenari et al.: The mean ergodic theorem for nonexpansive mappings in multi-Banach spaces.
Journal of Inequalities and Applications 2014 2014:259.
